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Call a rectangle .small if it will tit inside the unit square; call a rectangle binary if 
its dimensions are powers of 2. 
THEOREM 1. If Y is a set of small binary squares having total area greater than 
I. some finite subset of 9’ will tile the unit square. 
THEOREM 1. If W is a set of small binary rectangles having total area greater than 
3, some finite subset qf d will tile the unit square. 
The above bounds are sharp. Various corollaries are drawn. In particular we show 
that if Z# is a collection of rectangles, then 2 can cover the plane if f  x{min(a, 1). 
min(b, 1) 1 RE.%‘] = co. where for a given rectangle, a is its width and b is its 
length. ICI 1985 Academic Press, Inc 
A popular problem asks: if Y is a collection of squares with infinite total 
area, is it possible to place the members of Y on the plane in such a way 
that each point is covered by at least one square? The answer is yes and 
several proofs are known, most of them unpublished (but see [l and 21). 
In this paper we present two tiling theorems, one of them dealing with 
squares and furnishing a new proof of the above result, the other dealing 
with rectangles and much more difficult to prove. Using the second, we 
verify the following conjecture of Jack Feldman: If 9 is a collection of rec- 
tangles, then 9 can cover the plane iff C{min(a, 1). min(b, 1) I 
R E W} = co, where for a given rectangle R, a is its width and b is its length. 
Z is the set of integers; N is the set of nonnegative integers. Our rec- 
tangles (and therefore our squares) will be closed planar figures that 
include their interior. If R is a rectangle, IRI is its area. If 99 is a collection 
of rectangles, 19%?I = C{ /RI 1 R E W>. A collection 9 of rectangles can corxr a 
subset A of the plane if the members of 93 can be placed on the plane in 
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such a way that each point of A lies in some (possibly many) rectangles. 9 
can tile a subset A of the plane if the members of a can be placed in the 
plane in such a way that each rectangle lies entirely within A and each 
point of A lies on the boundary of some rectangle or in the interior of 
exactly one rectangle, but not both. So, for covering, overlapping is 
allowed, but for tiling, it is not. The unit square, U, is the closed subset of 
the plane consisting of all points (x, y) with 0 <x < 1 and 0 d y < 1. 
THEOREM 1 (Basic Tiling Theorem for Squares). Let Y be a collection 
of squares and suppose that each square in Y has side 2 -‘for some n E N. Zf 
19’ > 1 there exists a finite subset of Y which can tile the unit square. 
ProofI If for some n there are infinitely many squares of side 2-” the 
result is obvious, so we may assume there are a finite number of squares of 
each size. We list our squares, in order of size, starting with the biggest, as 
s,, s, ) s, ,... , Let Si have side 2 Pnl. If n, = 0, we are done. If not, we sub- 
divide the unit square into square cells of side 2-“O and we place S, over 
one of these cells. If n, = n, we place S, over another of these cells. We 
keep going until all of the cells have been covered or we come to a square 
S, with nj > n,. In the latter case, we further subdivide the uncovered cells 
to create smaller cells all of side 2-9. We place S, over any one of these 
new cells and continue as before, until all cells are covered or we encounter 
a square S, with nk > n,-in which case we subdivide again, so that all 
uncovered cells now have side 2-k. Since 191 > 1, this process must ter- 
minate at some finite stage. At that point we have tiled the unit square with 
a finite subset of 9’. 
Note that if 191 = 1, the above proof shows that 9 itself can tile the unit 
square, but, of course, Y may not be finite. 
COROLLARY 1. Zf S is a collection of squares with (Y( > 4, there exists a 
finite subset ?f Y which can cover the unit square U. 
Proof: From each square S of Y we cut out a square S’ of side 2-“, 
where n E Z and n is small as possible. We may assume that n 3 0. It is easy 
to see that JS’] >$ISl, so that 19’1 > 1, where Y‘= (S’ ~SEY). By 
Theorem 1 we can tile U with a finite subset 9’ of 9”. The corresponding 
subset 9 of Y then covers U. 
It is an easy consequence of Corollary 1 that, if 19’1 = co, Y can cover 
the plane. The bound 4 is not sharp. Meir and Moser have shown, by a 
clever algebraic argument, that 4 may be replaced by 3 (see [l and 23). 
Meir points out that 3 is sharp for coverings in which the squares of 9’ are 
required to be placed with their sides parallel to the sides of U. To see this, 
let 9’ consist of three congruent squares of side 1 - E, where 0 < E < 1. If 
tilting is forbidden, 9’ cannot cover U and 19’1 = 3 - 3~. 
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Corollary 1 obviously generalizes to coverings of the unit n-cube with 
n-dimensional cubes, with 4 being replaced by 2”. Meir and Moser state 
that, in n-dimensions, the sharp bound for parallel coverings in 2” - 1, so 
we get nearly the best result with a geometric, rather than algebraic, 
argument. 
Determining the sharp number for Corollary 1 seems a very difficult 
problem. Conceivably, 2 is the best possible bound. It cannot be smaller 
than 2, because two squares of side 1 -E cannot cover U. 
In order to verify Feldman’s conjecture, we need a more complicated til- 
ing theorem, relating to tilings of the unit square by rectangles. 
THEOREM 2 (Basic Tiling Theorem for Rectangles). Suppose 93 is a 
collection of rectangles such that for each R EW there exist n, m E N, 
n>m ~0, such that 2-” is the width (height) of R and 2-” is the length of 
R. Zf IB?‘( > 2, there exists a finite subset of 93 which can tiEe the unit square 
u. 
Proof Let 9’ be a subcollection of W such that ).@‘I > 3 and, for each 
m > 0, only finitely many rectangles of length 2-” belong to 9%“. We must 
show 9’ exists. If for some n, m W contains infinitely many 2-” x 2 Pm rec- 
tangles the conclusion of the theorem (as well as the existence of 9’) is 
obvious. So we may assume ,%Y contains finitely many rectangles of each 
possible size. For each m 2 0, let Qy, Qy, Q;l,..., be the members of 93’ hav- 
ing length 2-“, arranged in order of height, starting with the highest. Let 
k(m) be the smallest integer k such that 
Let 9’ = u,“= 0{ Qy,..., Qr(,,}. Then 3’ has finitely many rectangles of 
each possible length and l%?l 9 I.%‘1 - C,“=O (1/2”+‘)( 191 - f) = (WI - 
$(lg,ql -~)=~l~l +g>t;++$. 
We now present an algorithm for tiling U with a finite subset of 9’. 
Step 1. Stack the rectangles in .@’ of length 1 inside U, in order of non- 
increasing height, but only if at least half of U can be tiled with these rec- 
tangles. Suppose the latter condition holds. Then, because each rectangle 
has height a nonpositive power of 2, either W’ contains a 1 x 1 rectangle or, 
at some point, exactly half of U will be tiled. At this point we stop, unless 
we can also tile the top half of U. So, at the end of step 1, we will have tiled 
no part of U, exactly half of U, or all of U. In the first two cases, the 
unused length 1 members of 93’ have total area less than t, and in the third 
case we are done. In the first two cases, proceed to Step 2. 
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Step 2. Let U’ be the untiled portion of U. Bisect u’ with a vertical line 
to form two rectangles U, and U,. U, and U2 may be squares of side $-if 
not, bisect them with a horizontal line to form four squares, each of side f. 
Stack the length + rectangles of .@‘, in order of non-increasing height, inside 
these squares starting with the leftmost bottom square. We fill as many 
squares as we can, but if we cannot fill a certain square, we only fill it 
halfway and, if we cannot till it halfway, we leave it empty. At the end of 
Step 2, we will either have tiled all of U or we will have tilled all of not 
more than 3 squares and none or exactly half, of another. So, if we are not 
done, the unused length $ rectangles of W’ will have total area less than 
$( 4)’ = $. 
In general, we pass to step k + 1 only if step k failed to complete the til- 
ing of U. Step k + 1 begins by cutting the untiled portion of U into vertical 
strips of width 2-k-’ and then cutting each of these strips into squares of 
side 2-k-1. We withdraw the length 2-k-’ rectangles from 9Y? in order of 
non-increasing height and tile as many squares as we can, starting at the 
bottom left and proceeding upward in the first strip, then upward in the 
second strip, etc. Either we finish the tiling or we reach a point when the 
remaining length 2 ~ k - I rectangles are insufficient to tile one half of a 
square; i.e., their total area is less than t(2-k- ‘)‘= 2-2(k+ ‘)- ‘. 
Suppose the process never terminates; i.e., all steps are completed. Then 
every rectangle of W’ will have been placed within U in a non-overlapping 
fashion, except for a subset of 99’ having total area less than 
%I ifi 
1 2-h-14 c (2-2)" 
1 
= +.-&-- 1.4-J 
1-2-2-2 3-3. 
So JW’J < 1 + 3 = 4. This completes the proof of Theorem 2. 
Examples may be constructed, based on the foregoing proof, showing 
that the bound 3 is sharp. To save space we omit the details. 
COROLLARY 2. Suppose %? is a collection of rectangles each of width and 
height at most one. Then B can cover the unit square if I&?‘( > q. 
Proof: From each rectangle R of 9 cut out a 2-” x 2-” rectangle R’, 
where n, m are as small as possible. Clearly, (R’J > $RI. Let 
6%’ = (R’I R’ E .%?}. Then )&!‘I > $8 = 2, so that 9? can tile U. Therefore, 9 
can cover U. 
The bound F can probably be reduced. 
If R is a rectangle, let a(R) be the width and b(R) its length, so that 
a(R) 6 b(R). For any two real numbers x and y, let x A y = min(x, y}. The 
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following theorem was conjectured (oral communication) by Jack 
Feldman. 
COROLLARY 3. A collection .!S? of rectangles can cover the plane if and 
only if 
C{(M) A l)(b(R) A l)IRo9?} = 00. 
Proof. Suppose C (a A 1 )( b A 1) < co (we abbreviate to save space). 
The summand 1.1 can occur only finitely often, so, since a < 6, we can 
assume that a A 1 = a for all R E 9. Then 
c(a A l)(b A l)=xa(b A 1)=x {alb>l)+x {ablb<lJ 
where a and /3 are real and fl represents the area of a subcollection W. Let 
D be a circular disc in the plane of radius d, where d is at least c( + fl+ 1. 
Each rectangle R in d - W can cover at most 2a(R) d square units of D, so 
that 93 can cover at most 2crd + B square units of D. However, D has area 
xd2>z(cr+/I+ l)d>md+@d>2ad+/I. 
Now suppose C(a A l)(b A 1) = co. From each rectangle R of 9 cut out 
a (a~ l)x(br\ 1) rectangle R’ and let %?‘={R’IRE%‘}. By Corollary2, 
3’ can cover the plane. Therefore, 3 can cover the plane. 
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